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ABSTRACT
Thermal transport in asymmetric sawtooth nanowires was
investigated. The boundaries reflect phonons differently depending on the frequency and momentum of the phonon. These systems show thermally rectifying behavior when the boundary reflections are a function of both the direction the phonon is traveling and the frequency of the phonon. This rectifying effect could
be useful for thermal management applications at all size scales,
but would have to be built up from the nanoscale because of a
strong dependence on the device aspect ratio and the Knudsen
number of the system. Monte Carlo simulations show an accumulation of phonons at the boundary which emits phonons in a
perceived rough direction where those phonons have some probability of diffuse reflections at the boundary while phonons emitted in the smooth direction only experience specular reflections
at the boundary and are eventually thermalized at the opposite
boundary. In this study the level of rectification of the system
was linearly dependent on the device aspect ratio as long as the
length of the device was near or below the phonon mean free
path of the phonons.

l device length (m)
N phonon number
hni Bose-Einstein distribution
p probability
R random number
T temperature (K)
t time (s)
Vg phonon group velocity (m/s)
w device width (m)
α aspect ratio (l/w)
η characteristic roughness (m)
ε level of rectification
κ thermal conductivity (W/m-K)
λ phonon wavelength (m)
τ relaxation time (1/s)
ω phonon frequency (Hz)

INTRODUCTION
Thermal rectification is a phenomenon where transport
through a material or device is dependent on the sign of the applied temperature gradient or heat current along a specific axis.
Reports of this phenomenon date back to 1936 when Starr observed a system consisting of an interface between copper and
copperous oxide exhibited both electrical and thermal rectification [1]. In the 1960s and 70s there was a surge of interest in
the area of thermal rectification when studies were being performed on composite systems for aerospace applications and additional mechanisms of thermal rectification were discovered.
These mechanisms are summarized in ref. [2]. After this explosion of research in the area followed a period of little work

NOMENCLATURE
B scattering constants
D density of states (1/J-m3)
E energy (J)
F normalized density function
F exchange factor
k wave vector (1/m)
kb Boltzmann constant
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This results in a very large number of phonons which is not realistic to simulate with current computational capabilities. Because
of this limitation on the number of phonons we are capable of
simulating, we prescribe a set number (100,000) and calculate a
scaling factor given by
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Figure 1. Schematic of the system with direction- and frequencydependent boundaries
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This scaling factor will be used in the remaining calculations.
The location of each phonon is obtained from a uniform distribution in all three dimensions. To obtain the frequency of the
phonon, the normalized cumulative number density function is
used from [23]

until 2002 when Terraneo et al. developed a model for a 1D
nonlinear lattice that could produce rectifying effects [3]. The
work by Terraneo et al. caught the attention of many and started
a second explosion in thermal rectification research. Since their
work in 2002 there have been increasing numbers of papers published on thermal rectification, most of these involve the use of
our improved ability to manipulate materials at the nanoscale to
enhance the level of the rectifying effect. In 2006 Chang et al.
performed measurements on nanotubes that were externally mass
loaded with another molecule and observed a rectifying effect
where the difference in the directional thermal conductivities of
the tube were measured up to 7% [4]. Many theoretical studies have been performed to develop a better understanding of the
measurements by Chang et al. and to develop better rectifying
systems using asymmetries at the nanoscale [5–20].
In this work we use Monte Carlo simulations to investigate phonon transport in a system with direction- and frequencydependent boundaries. These boundaries can be thought of as an
asymmetric sawtooth structure as shown in Figure 1 where the
characteristic roughness of the sawtooth feature, t is of the order
of the dominant phonon wavelength. This work was motivated
by the work of Saha et al. [21] and Moore et al. [22] where they
performed Monte Carlo simulations of phonon backscattering in
nanowires with sawtooth boundary roughness. We will study the
impact of the device aspect ratio, device temperature and the size
of the asymmetric feature on the level of rectification and level
of self biasing.

Rω

0 hniD(ω)dω
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F(ω) = ∑ R ωmax,b
hniD(ω)dω
b 0
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where hni is the Bose-Einstein distribution given by [24]
1
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and D(ω) is the 3-D density of states given by

D(ω) =

k2
,
2π2Vg

(5)

where k is given by the inverse dispersion relation

k=



2ω2
arccos 1 − ω2
max,b

a

.

(6)

Here b is the branch (LA or TA), a is the lattice constant and
ωmax,b are the maximum phonon frequencies for the longitudinal
and transverse acoustic branches which are 1.23 × 1013 Hz and
4.5 × 1012 Hz, respectively. A random number is drawn and the
frequency range is determined for that phonon by finding where
the random number falls within the 1000 spectral intervals in the
cumulative number density function. The interval is determined
by applying Fi−1 < R < Fi . Upon determining the spectral interval, the phonon frequency is calculated using

ANALYSIS
To study boundaries as a possible mechanism for thermal
rectification we use a Monte Carlo (MC) method to simulate
phonon transport. To perform these simulations we must first
determine the number of phonons to be initialize in the system. This calculation is performed by summing the number of
phonons in each of the 1000 discrete frequency ranges by
Nb

N(p) = ∑ hn(ω0,i , p)iD(ω0,i , p)∆ωi .

(2)

(1)

ω = ω0,i + (2R − 1)

i=1

2

∆ωi
,
2

(7)
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where R is the same random number used to determine the spectral interval. The polarization of the phonon is then determined
next by calculating the probability of LA to TA phonons in the
ith spectral interval. The probability of the phonon being in the
LA branch is given by [23]

Pi (LA/TA) =

Ni (LA)
,
Ni (LA) + Ni (TA)

is given by equation 22. A random number (R) is generated and
compared to p, if p > R the phonon is reflected specularly, otherwise it is reflected diffusely. For diffuse reflection the individual components of momentum are recalculated with the same
total momentum and frequency in order to conserve energy. The
phonon is then allowed to drift for the remainder of the time step.
After each time step the energy, number of phonons and average
temperatures of each of the cells is calculated.
The simulations have been designed for two boundary conditions for the boundaries that have no direction- or frequencydependence. The first is an adiabatic condition in which all
phonon reflect specularly when they interact with the boundary. The second is a constant temperature boundary condition
in which all phonons that interact with the boundary are thermalized and at each time step a specified number of phonons are
emitted with there statistics coming from an equilibrium distribution at the specified boundary condition.
To recover solutions of diffuse or continuum thermal transport we must also include a scattering model for three-phonon
scattering. In this work we have used the scattering model presented by Holland for silicon [25]. The first step in determining
if a phonon scattered during the drift phase is to calculate the relaxation times for the various three-phonon scattering processes

(8)

where Ni is the unsummed portion of equation 1. A random number is again selected and compared to Pi (LA) to determine the
polarization. The individual components of momentum are calculated using
kx = k sin θ cos ψ

(9)

ky = k sin θ sin ψ

(10)

kz = k cosθ

(11)
1
τNU

where k is the total isotropic momentum. The directions cos θ =
2R1 − 1 and ψ = 2πR2, which are the polar and azimuthal angles,
are chosen from uniformly distributed random numbers, R1 and
R2 , which range from zero to one. In this work we assume an
analytic dispersion given by

ωb (k) = ωmax,b

r

1 − coska
.
2

= BL ω2 T 3 (LA,Normal+Umklapp),

(13)

1
= BT N ωT 4 (TA,Normal),
τN

(14)

1
= 0(TA, Umklapp for ω < ω1/2 ),
τU

(15)

(12)

Because the model does not consider realistic dispersions and
anisotropy, the results will not compare directly to a specific device. Instead we are looking for trends and order of magnitude of
effects. We have also chosen to neglect optical phonons because
of their minimal contribution to the thermal transport due to their
small group velocity [24].
After phonons are initialized they are allowed to drift linearly based on their individual momenta for a prescribed time
step of 1 ps. The simulations are run long enough to achieve
steady state solutions. If a phonon crosses an adiabatic boundary during the drift phase it is backed up to the first boundary it
strikes and is reflected. The reflection of the phonon is dependent
on the sign of the x-component of momentum (kx ) and its frequency. If a phonon has a positive kx it will always reflect specularly because it only sees the smooth surface, but if a phonon has
a negative kx then a scattering parameter p is calculated, which



1
h̄ω
= BTU ω2 / sinh
(TA, Umklapp for ω > ω1/2 ), (16)
τU
kb T
where ω1/2 is the frequency corresponding to k/kmax = 0.5. The
constants in these equations are taken from Holland [25]

3

BL = 2.0 × 10−24 s/deg3,

(17)

BT N = 9.3 × 10−13 1/deg3,

(18)

Copyright c 2011 by ASME

BTU = 5.5 × 10−18 s.

(19)

1
0.9

The overall relaxation time is then calculated using
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T = 10K
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T = 640K
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(20)
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+ .
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The probability of that phonon scattering is then calculated using
PNU = 1 − exp(−∆t/τNU ),

0.3
0.2

(21)

0.1
0

where ∆t is the time step in the simulation (1 ps). A random number is then generated and compared to the probability of scattering. If the probability of scattering is greater than the random
number the phonon is scattered which resets that phonon’s frequency, wave-vector and polarization from the equilibrium distribution at the temperature of the cell the phonon is located. Following the scattering, an energy balance scheme is implemented
which forces conservation of energy of the system by adding or
subtracting phonons until energy if conserved. When a phonon
is added during this phase it is also pulled from the equilibrium
distribution at the cell temperature. This balance scheme and the
scattering scheme are performed to drive the cell towards local
thermodynamic equilibrium which is the role of three-phonon
scattering.
In this work we studied devices aspect ratios from 0.01 to
10 where we define the aspect ratio as the length over the width
of the device. We also varied the roughness of the surface seen
by the left-moving phonons with values of η = 0 to 1 × 10−9 m
where the probability of a diffuse reflection from the boundary is
given by
#
64π5η2 ω2
.
p(ω, η) = exp −
Vg2
"
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Figure 2. Cumulative phonon density function versus frequency at various temperatures

at a specific temperature one can approximate the level of selfbiasing of the device. The level of self-biasing in this work is
determined by the device’s ability to force a non-uniform temperature distribution with no externally applied heat flux similar
to what happens electrically in a pn-junction.
To determine the magnitude of the rectifying effect we define a level of rectification using
ε=

κ+ − κ−
,
κ+ + κ−

(23)

where κ is the thermal conductivity and + and − represent the
forward and reverse conduction directions. This definition of the
level of rectification will result in a value of zero when there
is no difference in the directional thermal conductivities, ie. no
rectification, and a value of one for an ideal rectifier in which
either one conductivity is infinite or zero.

(22)

From equation 22, the probability of reflecting specularly decreases as the roughness and phonon frequency increases.
A median frequency between specular and diffuse reflections for the left-moving phonons can be obtained by setting
p = 0.5 and then calculating the frequency as a function of the
characteristic surface roughness as in equation 22. This frequency is the median frequency for which frequencies less than
it will reflect specularly and frequencies greater than it will reflect diffusely on average. The cumulative density function in
Figure 2 is the fraction of phonons that exist at or below a particular frequency for a given temperature. This distribution shows
that below a specified frequency there is a higher density of low
frequency phonons for lower temperatures. With knowledge of
the median frequency along with the cumulative density function

RESULTS
In this section the results of the simulations of directionand frequency-dependent boundaries are presented and discussed
based on the system parameters. We focus on the impact of device aspect ratio, device temperature and the surface roughness
in the rough direction.
Effects of Device Aspect Ratio
The device aspect ratio plays an extremely important role
in both the level of rectification and self-biasing of the device.
When device aspect ratios are small the direction- and frequencydependent boundaries are expected to result in little to no significant rectification or biasing because of the smaller relative im4
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Figure 3. Temperature distribution for devices of varying aspect ratio
with adiabatic boundary conditions and direction- and frequency depen-

Figure 4. Temperature difference between device ends as a function of
device aspect ratio

dent boundary scattering

To investigate the impact of aspect ratio on thermal rectification we must apply thermalizing boundaries to impose an external temperature gradient across the device. We calculate the
resulting heat current across the system by collecting the energy
absorbed and emitted by each boundary over the entire simulation once reaching steady state. Figure 5 shows the level of rectification defined in equation 23 as a function of the aspect ratio.
The level of rectification increases dramatically with the aspect
ratio of the device where we see at device of aspect ratio of 10
(l = 10w) has a level of rectification of about 95. In the low aspect ratio range (under about 1) we see a roughly linear trend in
the level of rectification with device aspect ratio. In the region of
device aspect ratios greater than this we see a greater than linear
trend. This relationship could result in large levels of rectification
if these boundaries could be created in a nanowire or nanotube
which are extremely high aspect ratio devices. An additional feature to note here is that the effective thermal conductivity of the
smooth direction does not decrease with increasing device aspect
ratio, but actually increases because of the contribution of some
of the diffusely scattered phonons that were initially traveling in
the rough direction. Figure 6 shows the effective rectification in
each direction of the device as a function of the device aspect
ratio. This is an important feature because the device maintains
good conductivity properties in one direction and an insulating
behavior in the opposite.
The non-equilibrium is clearly enhanced with increasing device aspect ratio, which is seen as larger differences in the temperature distributions in the adiabatic cases. In these simulations
the phonons collect near the right boundary. Realize that temperature is an equilibrium quantity, and this system is not in equilibrium. Therefore the temperature represents an average energy
weighted by the distribution of phonon frequencies.

pact of the boundaries on the thermal transport. Figure 3 shows
temperature distribution of devices simulated with different aspect ratios with adiabatic boundaries. This portion of the work
was performed in the ballistic transport regime in order to eliminate any effects due to three-phonon scattering. In this figure we
can see that as the aspect ratio increases (α = wl ) the resulting
temperature distribution becomes less and less uniform. These
results show that as the aspect ratio increases or the length of the
device increases with respect to the other dimensions the impact
of the boundaries become greater. In this case we have force
the condition of completely specular boundary reflections in the
smooth direction (left to right) and completely diffuse boundary
reflections in the rough direction (right to left) to show the maximum level of biasing possible in the device. Figure 4 shows the
difference in the boundary temperatures as a function of the device aspect ratio. We clearly see from this figure that the level
of self-biasing increases with device aspect ratio. The reason
we see a non-uniform temperature distribution in a case were
we should not is because the direction- and frequency-dependent
boundaries break the symmetry of the system which we have already determined to be a requirement for thermal rectification.
These boundaries act as a filter and only allow low frequency
phonons to travel in the rough direction if they strike a boundary while all phonons travel freely in the smooth direction. This
filtering effect is increased with device aspect ratio because the
device is becoming longer and narrower increasing the probability that a phonon will interact with the boundary. The increased
interaction with the boundary means that phonons moving in the
rough direction will have a decreased probability in traversing
the device and will likely be diffusely scattered at the right end
of the device.
5
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Figure 7. Normalized temperature distribution through asymmetric and
frequency dependent boundary device for various temperatures using
Monte Carlo simulation
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event when striking a boundary while moving in the rough direction. Figure 7 confirms our hypothesis by showing the normalized temperature distribution through the unbiased device from
10 K to 1000 K for a fixed aspect ratio and surface roughness,
where each temperature distribution is normalized by the initially
prescribed temperature of the device. At low temperatures we
see little impact from increasing initial temperature of the device
because there is little difference in the phonon frequency distribution at these temperatures. As we increase the temperature to
higher temperature we see an increase in the normalized temperature distribution across the device because of the greater concentration of high frequency phonons that have a higher probability of diffuse reflections than the lower frequency phonons. At
even higher temperatures we begin to see a reduction in the biasing of the device because of three-phonon scattering occurring
at a high rate. If we were able to simulate a device at extremely
high temperatures we would eventually see no biasing because
the mean free path of the phonons would become so small the
occasional diffuse reflection from the boundary would not be observed. In Figure 8 we have calculated the difference of the temperatures of the devices near the right and left boundaries and
plotted them as a function of the initial device temperature. In
this figure we see the same result as before, but without the clutter of many data points.
Again we are more interested in the rectifying effects when
a heat current or temperature gradient is applied. Figure 9 shows
the level of rectification as a function of the average temperature
of the device between two constant temperature baths at different temperatures. We clearly see an increasing of the rectifying
effect in this temperature range. If we go to higher temperatures
we will again see a reduction due to high levels of three-phonon
scattering. In Figure 10 we have plotted the effective thermal

0.7
0.6
0.5
mc forward bias
mc reverse bias

0.4
0.3
0.2
0.1
0
0

Figure 6.

1

2

3

4
5
6
aspect ratio (l/w)

7

8

9

10

Effective thermal conductivity in each direction of the device

as a function of device aspect ratio

Effects of Temperature
The temperature of the device plays an important role even
beyond that of three-phonon scattering, where scattering rates
increase with temperature [25]. At higher temperatures the cumulative density function (Figure 2) tells us that there is a higher
concentration of high frequency phonons than at lower temperatures. Since the probability of a diffuse boundary scattering
event in the Monte Carlo simulations is increased with increasing frequency, as defined by p in equation 22, we expect that
the amount of self-biasing in the unbiased device with directionand frequency-dependent boundaries also increases with temperature until three-phonon scattering eliminates the effect of the
boundaries. The increase in biasing with temperature is a result of the higher frequency phonons being trapped near the right
boundary because of their high probability of a diffuse scattering
6
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aries with all adiabatic boundary conditions as a function of the initial device temperature
Table 1. Radiation exchange factors for configuration shown in Figure 1.
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The difference in the exchange factors represents the amount of rectification. The three surfaces of the sawtooth structure are specular (S) or
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is 9.83 × 10−4. Therefore, no configuration exhibits rectification.
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Figure 9. Level of rectification as a function of the average device temperature between two constant temperature baths at different temperatures

sults of this analysis are shown in Table 1. Because the shape
factors are similar for alternating directions the amount of rectification can be considered negligible.

conductivity as a function of temperature gradient direction and
the average device temperature.

When the difference in roughness is introduced a resulting
frequency dependence is also introduced as defined by p, from
equation 22. Figure 11 shows the self-biasing as a function of
the surface roughness for different aspect ratios. As the surface
roughness is increased the biasing also increases due to the increased diffuse scattering events by left-moving phonons. The
increase in surface roughness effectively reduces the cutoff frequency therefore increasing the probability of diffuse scattering
events as defined by p.

Effects of Boundary Roughness
Surface roughness of the boundaries also has an impact on
the self-biasing. If a device was designed with only a directionaldependence and no frequency-dependence (from the difference
in surface roughness) no self-biasing would be observed. This is
shown by using MONT2D, which is an independent Monte Carlo
code used to calculate radiation exchange factors [26]. The re7
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[10]
CONCLUSIONS
This work has shown how asymmetric nanostructures which
possess directional- and frequency-dependent boundaries can result in thermally self-biasing as well as thermally rectifying behavior. For biasing and rectification to occur both of these properties must be present which is an important factor to consider
in the design of a device of this nature. For a device like this to
function with high levels of rectification the device temperature
must be kept low to minimize three-phonon scattering. To this
point little attention has been paid to the method for fabricating
and testing a device like this other than the schematic found in
the introductory chapter of this document. In order to have a
device that produces thermal rectification the smooth direction
must be nearly atomically smooth so that the majority of phonon
reflections are specular.
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