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ABSTRACT
Thermal transport in asymmetric sawtooth nanowires was
investigated. The boundaries reflect phonons differerghedd-

| device length (m)
N phonon number
(n) Bose-Einstein distribution

ing on the frequency and momentum of the phonon. These sys{p probability

tems show thermally rectifying behavior when the boundery r
flections are a function of both the direction the phononas#i-

ing and the frequency of the phonon. This rectifying effeata

be useful for thermal management applications at all sizdes;

but would have to be built up from the nanoscale because of a

R random number
T temperature (K)
t time (s)

Vy phonon group velocity (m/s)

w device width (m)

strong dependence on the device aspect ratio and the Knudseny  aspect ratiol(/w)

number of the system. Monte Carlo simulations show an accu-
mulation of phonons at the boundary which emits phonons in a
perceived rough direction where those phonons have sonte pro
ability of diffuse reflections at the boundary while phonerst-

ted in the smooth direction only experience specular reflest

at the boundary and are eventually thermalized at the opeosi
boundary. In this study the level of rectification of the eyst
was linearly dependent on the device aspect ratio as lonpeas t
length of the device was near or below the phonon mean free
path of the phonons.

NOMENCLATURE

scattering constants
density of states (1/J-#
energy (J)

normalized density function
exchange factor

k wave vector (1/m)

kp Boltzmann constant

WMo w
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characteristic roughness (m)
€ level of rectification
K thermal conductivity (W/m-K)
A phonon wavelength (m)
relaxation time (1/s)
w phonon frequency (Hz)

INTRODUCTION

Thermal rectification is a phenomenon where transpor
through a material or device is dependent on the sign of the af
plied temperature gradient or heat current along a specific a
Reports of this phenomenon date back to 1936 when Starr o
served a system consisting of an interface between copjpker al
copperous oxide exhibited both electrical and thermalifieat
tion [1]. In the 1960s and 70s there was a surge of interest i
the area of thermal rectification when studies were being pel
formed on composite systems for aerospace applicationadnd
ditional mechanisms of thermal rectification were disceder
These mechanisms are summarized in ref. [2]. After this ex
plosion of research in the area followed a period of littlerkvo
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Figure 1. Schematic of the system with direction- and frequency-

dependent boundaries

until 2002 when Terraneo et al. developed a model for a 1D
nonlinear lattice that could produce rectifying effect$ [The
work by Terraneo et al. caught the attention of many andestart
a second explosion in thermal rectification research. Simeie

work in 2002 there have been increasing numbers of papets pub

lished on thermal rectification, most of these involve the of
our improved ability to manipulate materials at the nantesta
enhance the level of the rectifying effect. In 2006 Changlet a
performed measurements on nanotubes that were exterresly m
loaded with another molecule and observed a rectifyingceffe
where the difference in the directional thermal condutiésiof

the tube were measured up to 7% [4]. Many theoretical stud-

ies have been performed to develop a better understandthg of
measurements by Chang et al. and to develop better regfifyin
systems using asymmetries at the nanoscale [5-20].

In this work we use Monte Carlo simulations to investi-
gate phonon transport in a system with direction- and fraque
dependent boundaries. These boundaries can be thoughtiof as

asymmetric sawtooth structure as shown in Figure 1 where the

characteristic roughness of the sawtooth featuiseof the order

of the dominant phonon wavelength. This work was motivated
by the work of Saha et al. [21] and Moore et al. [22] where they
performed Monte Carlo simulations of phonon backscattgrin
nanowires with sawtooth boundary roughness. We will sthdy t
impact of the device aspect ratio, device temperature ansite

of the asymmetric feature on the level of rectification anatle

of self biasing.

ANALYSIS

To study boundaries as a possible mechanism for thermal &

rectification we use a Monte Carlo (MC) method to simulate
phonon transport. To perform these simulations we must firs

determine the number of phonons to be initialize in the sys-

tem. This calculation is performed by summing the number of
phonons in each of the 1000 discrete frequency ranges by

Np
Z(n((ﬂo,i, p))D(wo,, p)Aw.

N(p) = (1)

This results in a very large number of phonons which is ndt rea
istic to simulate with current computational capabilitiBecause

of this limitation on the number of phonons we are capable of
simulating, we prescribe a set number (100,000) and cakala
scaling factor given by

W= Nactual . (2)
Nprescribed

This scaling factor will be used in the remaining calculaio

The location of each phonon is obtained from a uniform distri

bution in all three dimensions. To obtain the frequency & th

phonon, the normalized cumulative number density funcison

used from [23]

(YD (w)dw
Flw) = 3 Lo ©)
Jo™ (N)D(w)dw
where(n) is the Bose-Einstein distribution given by [24]
n=——— 4)
exp[%} -1
andD(w) is the 3-D density of states given by
k2
D(w) = 2V’ (5)
wherek is given by the inverse dispersion relation
262
. arccos[l— @ aXJ ©
N a

Hereb is the branch (LA or TA)a is the lattice constant and
Wmaxb are the maximum phonon frequencies for the longitudina
nd transverse acoustic branches which a28 ¢ 10¥Hz and
4.5 x 10'2Hz, respectively. A random number is drawn and the

t frequency range is determined for that phonon by finding eher

the random number falls within the 1000 spectral intervakhe
cumulative number density function. The interval is defeed
by applyingF_1 < R < F. Upon determining the spectral inter-
val, the phonon frequency is calculated using

Awy

0=+ (2R-1) 5, )
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whereR is the same random number used to determine the spec-is given by equation 22. A random numbe®) s generated and

tral interval. The polarization of the phonon is then deteed
next by calculating the probability dfA to TA phonons in the
ith spectral interval. The probability of the phonon beingha
LA branch is given by [23]

Ni (LA)

AT = R A

(8)

whereN; is the unsummed portion of equation 1. A random num-
ber is again selected and comparedtdA) to determine the
polarization. The individual components of momentum ate ca
culated using

ks = ksinBcosy 9
ky = ksin@siny (20)
k; = kcosH (12)

wherek is the total isotropic momentum. The directions @es
2R; — 1 andy = 21R,, which are the polar and azimuthal angles,
are chosen from uniformly distributed random numb&isand

R>, which range from zero to one. In this work we assume an
analytic dispersion given by

/1—coska
wp(K) = Wmaxb -

Because the model does not consider realistic dispersiots a
anisotropy, the results will not compare directly to a sfiecie-
vice. Instead we are looking for trends and order of mageitufd
effects. We have also chosen to neglect optical phononsibeca
of their minimal contribution to the thermal transport dodfteir
small group velocity [24].

After phonons are initialized they are allowed to drift lin-

(12)

early based on their individual momenta for a prescribe@tim \ynerec

compared tq, if p> Rthe phonon is reflected specularly, oth-
erwise it is reflected diffusely. For diffuse reflection thnalii
vidual components of momentum are recalculated with theesam
total momentum and frequency in order to conserve energy. Th
phononis then allowed to drift for the remainder of the tirreps
After each time step the energy, number of phonons and axera
temperatures of each of the cells is calculated.

The simulations have been designed for two boundary con
ditions for the boundaries that have no direction- or fremye
dependence. The first is an adiabatic condition in which all
phonon reflect specularly when they interact with the bound:
ary. The second is a constant temperature boundary comditic
in which all phonons that interact with the boundary are-ther
malized and at each time step a specified number of phonons a
emitted with there statistics coming from an equilibriurstdt
bution at the specified boundary condition.

To recover solutions of diffuse or continuum thermal trans-
port we must also include a scattering model for three-phono
scattering. In this work we have used the scattering model pr
sented by Holland for silicon [25]. The first step in determgn
if a phonon scattered during the drift phase is to calculzee-
laxation times for the various three-phonon scatteringgsees

ri = BLw?T3(LA, Normal+Umklapp) (13)
NU
1 4
— = BrnwT(TANormal) (14)
N
1
—— O(TA, Umklapp forw < wy /), (15)
U
1 Bryuw?/ sinh(@) (TA Umklapp forw > wy/,), (16)
Tu ka

1/2 is the frequency correspondingkgkmax = 0.5. The

step of 1 ps. The simulations are run long enough to achieve .gnstants in these equations are taken from Holland [25]

steady state solutions. If a phonon crosses an adiabatiudbou
ary during the drift phase it is backed up to the first boundtary
strikes and is reflected. The reflection of the phonon is degein
on the sign of the x-component of momentuky) (and its fre-
quency. If a phonon has a positikeit will always reflect specu-
larly because it only sees the smooth surface, but if a phbaen
a negativek, then a scattering parametgiis calculated, which

3

BL = 2.0 x 10 ?*s/deg’, (17)

Brn = 9.3x 107131 /ded’, (18)
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Bty =55x 10 18s. (19)
The overall relaxation time is then calculated using
1 1 1
— =4 = (20)
Wnu TN Tu

The probability of that phonon scattering is then calculatsing

Pnu = 1—exp(—At/tnu), (22)

whereAt is the time step in the simulation (1 ps). Arandom num-
ber is then generated and compared to the probability ofeseat
ing. If the probability of scattering is greater than thedam
number the phonon is scattered which resets that phonaa’s fr
quency, wave-vector and polarization from the equilibridis
tribution at the temperature of the cell the phonon is lodakel-
lowing the scattering, an energy balance scheme is impleden
which forces conservation of energy of the system by adding o
subtracting phonons until energy if conserved. When a phono
is added during this phase it is also pulled from the equilir
distribution at the cell temperature. This balance schemdelze
scattering scheme are performed to drive the cell towarch lo
thermodynamic equilibrium which is the role of three-phono
scattering.

In this work we studied devices aspect ratios from 0.01 to

10 where we define the aspect ratio as the length over the width

of the device. We also varied the roughness of the surfage see
by the left-moving phonons with values gf= 0 to 1x 10 -°m
where the probability of a diffuse reflection from the bouryda
given by

641N 202
VZ '

p(w,n) = exp (22)

From equation 22, the probability of reflecting specularé d
creases as the roughness and phonon frequency increases.

A median frequency between specular and diffuse reflec-
tions for the left-moving phonons can be obtained by setting
p = 0.5 and then calculating the frequency as a function of the
characteristic surface roughness as in equation 22. Tais fr
quency is the median frequency for which frequencies less th
it will reflect specularly and frequencies greater than it va-
flect diffusely on average. The cumulative density function
Figure 2 is the fraction of phonons that exist at or below dipar
ular frequency for a given temperature. This distributibnvgs
that below a specified frequency there is a higher densitgwf |
frequency phonons for lower temperatures. With knowledge o
the median frequency along with the cumulative density fionc
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Figure 2. Cumulative phonon density function versus frequency at vari-
ous temperatures

at a specific temperature one can approximate the level bf sel
biasing of the device. The level of self-biasing in this wisk
determined by the device’s ability to force a non-uniforrmte
perature distribution with no externally applied heat fluritar
to what happens electrically in@n-junction.

To determine the magnitude of the rectifying effect we de-
fine a level of rectification using

KT —k~
E= 7 T (23)
wherek is the thermal conductivity and and ~ represent the
forward and reverse conduction directions. This definiabthe
level of rectification will result in a value of zero when tker
is no difference in the directional thermal conductivifiess no
rectification, and a value of one for an ideal rectifier in vwhic
either one conductivity is infinite or zero.

RESULTS

In this section the results of the simulations of direction-
and frequency-dependentboundaries are presented andsbsc
based on the system parameters. We focus on the impact of d
vice aspect ratio, device temperature and the surface nmsgh
in the rough direction.

Effects of Device Aspect Ratio

The device aspect ratio plays an extremely important role
in both the level of rectification and self-biasing of the idev
When device aspect ratios are small the direction- and &ecy+
dependent boundaries are expected to result in little tagmifs
icant rectification or biasing because of the smaller nedaitin-
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Figure 3. Temperature distribution for devices of varying aspect ratio
with adiabatic boundary conditions and direction- and frequency depen-
dent boundary scattering

pact of the boundaries on the thermal transport. Figure &sho
temperature distribution of devices simulated with diferas-
pect ratios with adiabatic boundaries. This portion of tharkv
was performed in the ballistic transport regime in orderlitmie
nate any effects due to three-phonon scattering. In thisdige
can see that as the aspect ratio increages (%,) the resulting
temperature distribution becomes less and less unifornes@h
results show that as the aspect ratio increases or the lehtjta
device increases with respect to the other dimensions thadm
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Figure 4. Temperature difference between device ends as a function of
device aspect ratio

To investigate the impact of aspect ratio on thermal rectifi-
cation we must apply thermalizing boundaries to impose an ex
ternal temperature gradient across the device. We cadcthiat
resulting heat current across the system by collecting tieegy
absorbed and emitted by each boundary over the entire simul;
tion once reaching steady state. Figure 5 shows the levelosf r
tification defined in equation 23 as a function of the aspeid.ra
The level of rectification increases dramatically with tlspect
ratio of the device where we see at device of aspect ratio of 1
(I = 10w) has a level of rectification of about 95. In the low as-

of the boundaries become greater. In this case we have forcePect ratio range (under about 1) we see a roughly linear tirend

the condition of completely specular boundary reflectionthe
smooth direction (left to right) and completely diffuse inolary
reflections in the rough direction (right to left) to show thex-
imum level of biasing possible in the device. Figure 4 shdves t
difference in the boundary temperatures as a function ofiéhe
vice aspect ratio. We clearly see from this figure that thellev
of self-biasing increases with device aspect ratio. Theaea

the level of rectification with device aspect ratio. In thgiom of
device aspect ratios greater than this we see a greateiitigan |
trend. This relationship could result in large levels otifezation

if these boundaries could be created in a hanowire or naaotuk
which are extremely high aspect ratio devices. An additifes
ture to note here is that the effective thermal conductieftthe
smooth direction does not decrease with increasing desjpech

we see a non-uniform temperature distribution in a case were ratio, but actually increases because of the contributf@ome

we should not is because the direction- and frequency-aken

boundaries break the symmetry of the system which we have al-

ready determined to be a requirement for thermal rectiboati
These boundaries act as a filter and only allow low frequency
phonons to travel in the rough direction if they strike a bdun
ary while all phonons travel freely in the smooth directidimis
filtering effect is increased with device aspect ratio beeathe
device is becoming longer and narrower increasing the fmibba
ity that a phonon will interact with the boundary. The ined
interaction with the boundary means that phonons movinigen t
rough direction will have a decreased probability in trairg
the device and will likely be diffusely scattered at the tighd
of the device.

of the diffusely scattered phonons that were initially &iavg in

the rough direction. Figure 6 shows the effective rectifarain
each direction of the device as a function of the device dspet
ratio. This is an important feature because the device mamt
good conductivity properties in one direction and an into¢a
behavior in the opposite.

The non-equilibrium is clearly enhanced with increasing de
vice aspect ratio, which is seen as larger differences inetme
perature distributions in the adiabatic cases. In thesalations
the phonons collect near the right boundary. Realize thapés-
ature is an equilibrium quantity, and this system is not inieq
librium. Therefore the temperature represents an averagg g
weighted by the distribution of phonon frequencies.
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Effects of Temperature

The temperature of the device plays an important role even
beyond that of three-phonon scattering, where scattedbesr
increase with temperature [25]. At higher temperaturescthe
mulative density function (Figure 2) tells us that there iggher
concentration of high frequency phonons than at lower tempe
atures. Since the probability of a diffuse boundary sciattier
event in the Monte Carlo simulations is increased with iasre
ing frequency, as defined by in equation 22, we expect that
the amount of self-biasing in the unbiased device with diioee
and frequency-dependent boundaries also increases witiete
ature until three-phonon scattering eliminates the eftédhe
boundaries. The increase in biasing with temperature is a re
sult of the higher frequency phonons being trapped neaighé r
boundary because of their high probability of a diffuse sratg
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Figure 7. Normalized temperature distribution through asymmetric and
frequency dependent boundary device for various temperatures using

Monte Carlo simulation

event when striking a boundary while moving in the roughdire
tion. Figure 7 confirms our hypothesis by showing the normal-
ized temperature distribution through the unbiased devara
10 K to 1000 K for a fixed aspect ratio and surface roughness
where each temperature distribution is normalized by thially
prescribed temperature of the device. At low temperatures w
see little impact from increasing initial temperature o trevice
because there is little difference in the phonon frequernslyid
bution at these temperatures. As we increase the tempetatur
higher temperature we see an increase in the normalizedcstemp
ature distribution across the device because of the greater
centration of high frequency phonons that have a highergrob
bility of diffuse reflections than the lower frequency phasoAt
even higher temperatures we begin to see a reduction in the k
asing of the device because of three-phonon scatteringringu
at a high rate. If we were able to simulate a device at extrgmel
high temperatures we would eventually see no biasing becaus
the mean free path of the phonons would become so small tf
occasional diffuse reflection from the boundary would nobbe
served. In Figure 8 we have calculated the difference ofahe t
peratures of the devices near the right and left boundarids a
plotted them as a function of the initial device temperature
this figure we see the same result as before, but without tie cl
ter of many data points.

Again we are more interested in the rectifying effects when
a heat current or temperature gradient is applied. Figuho@s
the level of rectification as a function of the average terapge
of the device between two constant temperature baths air-diff
ent temperatures. We clearly see an increasing of the yigif
effect in this temperature range. If we go to higher tempeesst
we will again see a reduction due to high levels of three-pimon
scattering. In Figure 10 we have plotted the effective tlarm
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Table 1. Radiation exchange factors for configuration shown in Figure 1.

08 ' ' The difference in the exchange factors represents the amount of rectifi-
i mcdata 4 cation. The three surfaces of the sawtooth structure are specular (S) or
0.7 A diffuse (D). The percent difference between F12 and F21 associated with
06 the tooth heightt = 1.8is 6.06 x 10~% and that associated with t = 0.2
s ' is 9.83 x 10~4. Therefore, no configuration exhibits rectification.
g 0 t=18 t=02
g o4 Surface iz P21 | Surface  Ti» T
o A
% 03 SSS 0.09675 0.09609SSS 0.82446 0.8254f
02 4 DDD 0.09550 0.09551 DDD 0.65363 0.65481
ot s ] DSD  0.09656 0.0988) DSD  0.65836 0.65790
0 0 50 100 150 200 250 300 350 400 450 500 SDS 0.09751 0.09591 SDS 0.83013 0.83205

average temperature (K)

Figure 9. Level of rectification as a function of the average device tem-
perature between two constant temperature baths at different tempera-
tures
sults of this analysis are shown in Table 1. Because the shaj

factors are similar for alternating directions the amourreati-
conductivity as a function of temperature gradient ditind fication can be considered negligible.

the average device temperature. ) ) o )
When the difference in roughness is introduced a resultin
frequency dependence is also introduced as definegl fiypm

Effects of Boundary Roughness equation 22. Figure 11 shows the self-biasing as a function ©
Surface roughness of the boundaries also has an impact onthe surface roughness for different aspect ratios. As thac
the self-biasing. If a device was designed with only a dicgl- roughness is increased the biasing also increases due io-the

dependence and no frequency-dependence (from the difieren creased diffuse scattering events by left-moving phondriee
in surface roughness) no self-biasing would be observe.i3h increase in surface roughness effectively reduces thdfdrgo
shown by using MONT2D, which is an independent Monte Carlo quency therefore increasing the probability of diffusetsrang
code used to calculate radiation exchange factors [26].r&@he  events as defined hy.
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