One-dimensional thin-film phonon transport with generation
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ABSTRACT: The Boltzmann transport equation is often used for nonitzemm transport when
the mean free path of phonons is of the order of device sizes. One par@pplication involves
heat generation in electronic devices. In a highly scaled MOSFET, fample, the majority of
the heat is produced in a localized region immediately below the gate on the @lainThe size
of this generation region is often smaller than the mean free path of phowbitd) demands the
BTE for transport calculations. Using a one-dimensional BTE and diffusquation, a comparison
between the continuum and non-continuum models is made. The focus obthimcative study is
the behavior of each model for various Knudsen numbers, while acuiles and material properties
are ignored. Results suggest that non-continuum distributions are simdantmuum distributions
except that the jump condition at the boundary results in slightly larger magnitudnergy. In
particular, ballistic transport minimizes the distribution but increases the jump abimdary.

1 INTRODUCTION

Use of non-continuum models for thermal transport of highly scaled dsvgusually justified by
comparing the mean free path of phonons to characteristic device dimerBimsatio of mean free
path () to device size is often termed the thermal Knudsen number, and is defiked-ag/ L. If Kn

is near or above unity, then non-continuum effects should be condidgren calculating transport.
Transport for devices whelén <« 1 approaches that of common continuum models such as Fourier's
law and the diffusion equation.

Non-continuum effects are very clearly seen by examining a one-dimmidibm with an im-
posed temperature difference. The temperature distribution in such slevittelargeKn exhibit
a jump at the boundaries and a smaller slope compared to the continuum limit. Bsegrehers
use this case to validate more complex simulations and so these results appeaerus publica-
tions (Majumdar, 1993; Klitsner et al., 1988; Zhang et al., 2002; Narumagtal., 2004; Escobar
et al., 2006). In fact, this canonical plot is repeated in the results sedi@nvalidation for the
non-continuum formulation in the present work.

The pressure to reduce the size of microelectronic devices has largen dhne trend toward
nanoscale science and technology. In fact, most of the fabricationtereaterization capabilities
were developed for microelectronic devices. Consequently, it is neisarmat microelectronic de-
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vices and materials are particularly interesting to study in terms of thermal tdr{§ahill et al.,
2003). The majority of thermal modeling of microelectronic materials has béegated to thermal
conductivity prediction of reduced-scale structures (Zeng and G0€3; Prasher, 2003) or detailed
examination of dispersion effects (Chung et al., 2004). Likewise, thezrp@riments on nanoscale
devices involves mostly thermal conductivity measurements (Asheghi €88, 2002; Cahill et al.,
2002). Nevertheless more effort is being devoted to actual transptutling generation of thermal
energy at reduced scales recently. Here microelectronics providdearsystem to study because
thin-film devices such as SOl MOSFETSs provide reduced scales with Higtdjized heating (Ra-
man et al., 2003; Lai and Majumdar, 1996; Raha et al., 1997). This plartayplication is significant
because the continued scaling of practical CMOS devices is limited not byfazaming technology,
but by heat removal by production technologies (i.e. air cooling) (Serdigzior Industry Associa-
tion, 2003).

The argument for using non-continuum solutions to study heat generatidrdissipation in
highly scaled microelectronic devices is similar to the argument for transpasathin films. If
the generation region is small compared to the mean free path of phononmstireontinuum mod-
els are required (Sverdrup et al., 2001). This is often referred tced®thspot problemlt has been
suggested that the localization of the generation results in an increaselierecgy (Ju and Good-
son, 1999; Pop et al., 2001). However, if we consider that trangplarigely ballistic in the region of
generation for small generation regions, then the phonons will escageleeation region without
scattering leaving the localized region unchanged in terms of energy. frigge is not precisely
valid because of the way we calculate energy and define temperature-gontnuum systems, but
conceptually the scenario is not inconceivable. Using this logic, the lotializaf the energy gen-
eration must be at least twice as large as the mean free path of phonong$ theeregion where
generation occurs is a point. The present work represents a prelindtiargpt to understand this
hypothesis in terms of a limited number of parameters.

A non-continuum analytic model of a one-dimensional system with generatideveloped to
help understand how non-continuum effects manifest themselves in gevitegeneration. The
current work investigates the difference between non-continuum amihaum models to identify
where continuum models break down.

2 THEORY

2.1 Non-continuum

The derivation of the steady-state blackbody emissive power distribudiorafious Knudsen num-
bers Kn) without generation is well known (Chen et al., 2005). However, theldgment is largely
repeated here with emphasis on the non-homogeneous generation tewmetis solution is cen-
tral to the discussion. The intensity formalism follows that found in many radiaérts (Modest,
2003) due to the similarity between phonon and photon transport (Majud®g8). The intensity is
essentially a moment of the distribution function.

The steady-state Boltzmann transport equation for phonons is written in térars intensity
using the relaxation time approximation as

di I -—1I
v
H dz*

*
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where the coordinate is non-dimensionalized with the quantity such that the real spatial coordi-
natex* = vrx. u = cosf is the direction cosine, anf} is the equilibrium intensity. In the foregoing
analysis the magnitude of the phonon group velocignd scattering raté/r are assumed constant.
This approximation is equivalent to the gray assumption, so the intensity issndept of frequency.



The combined parametée v is the mean free path of phonons. The generationg&ea source
term that represents an increase in local intensity resulting from eledt@mop scattering, for ex-
ample. Therefore, the form gfis initially treated as arbitrary, but will have specific known forms for
subsequent analysis.

The solution to the governing equation is given as a combination of positivelyngnphonons
and negatively moving phonons as

I (z, 1) = Cy exp <—§> + /Om [%‘”/) + %x,)] exp <—””_T:”/> dz’ 1>0, (2)
I (z, 1) = Cyexp (-%) +/Lx [%@J) + %w] exp (-‘T;“’/> da’ p<0. (3

For now, the integration constant§y( and Cs) will be left as unknown constants but will be de-
termined from assigned emissive power at the boundaries of the film. Nadtéhése constants are
independent of the generation or the intensity distribution within the medium. Taissisult of the
directionality and independence of the two phonon systems. Note that thegieng(x) is an arbi-
trary function ofz as is the equilibrium intensitfy (x), and both are treated as a non-homogeneity in
the equation. The two terms, however, represent different mechanmhgildbe treated differently
at a later step.

The heat flux is obtained from the intensity as an integration over the hemésyik&ling

1 -1
J(a:)—J+(x)+J(a:)—27r/0 u[+(a:,y)du+27r/0 pl™ (z, 1) dp. (4)

Each term on the right hand side can be expanded by plugging equatms3?into equation 4 such
that
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The exponential integrdl,, (x), along with identities and properties involving this special function
can be found in Abramowitz and Stegun (1972). Now the total heat flux isuthreof each compo-
nent. In the absence of generation, the heat flux is constant acra$srtiaén to conserve energy, or
dJ(x)/dx = 0. With generation, however, the heat flux must satisfy energy corngamnas

dJ(z)
dr
This condition is satisfied by summing equations 5 and 6 and differentiating.

= g(z). 7)
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+ CoEo(L — z) — /L [Io(z") + g(2)]|E1 (2" — z) d2’ = —%. (8)

The foregoing expression is a non-homogeneous integral equatifyiah if we assumey(z) is
known. We can use any number of numerical integration approacheprtoxapate the solution.



2.2 Continuum

The Boltzmann solution fofy(x) (equation 8) should recover the continuum solution for large do-
mains. The one-dimensional heat diffusion equation provides a tempexisiribution for con-
tinuum systems that can be compared to the non-continuum results. Thaatifiequation with
generation is given as

d’T
dx?

= —G(x), (9)

The solution depends on the functional form of the generation€&rm). In the case of no generation,
the solution reduces to a line and the integration constant are given as aatiorbof the boundary
conditions. Although the two constants may be the same as the two boundatgrdsrin the non-
continuum case for no generation, in general they are dependené @etieration unlike the non-
continuum constants.

For the case of a constant generation, the solution is obtained via direpaitibe

z G
T(x) :Bl+(Bg—Bl)z+5(azL—x2), (10)
where the first two terms represent the linear no generation compondeftfand right boundary
temperatures aB; and B, respectively.
The continuum solution for a delta pulse is simply the Green’s function soluticthé LaPlacian
with a Dirac delta source.

2.3 Model comparison

When comparing the continuum solution to the non-continuum solution we ndezldognizant of
the following issues.

1. The coordinate was defined in terms of the mean free path. We are using this same normalized
coordinate for the continuum solution even though this quantity does netamreal physical
significance in the continuum limit. However, we intend to keep this structurLiseove want
to compare the two models despite the presumed lack of applicability of the camtimadlel
at largeKn.

2. The definition of “temperature” in the two cases is fundamentally differémigeneral, we
regard equilibrium energy and temperature as related, so the real quisstibether the def-
inition of equilibrium energy is equivalent for both systems. For non-contim situations,
the quantityl, represents an average energy of the left moving phonons and thendgirg
phonons emitted from their respective boundaries and the mediumndt the equilibrium
energy of the phonon system at any point since equilibrium does ndt éxithe continuum
limit, though, I reduces to the continuum equilibrium energy. The difference between the
definitions, though is exactly what we intend to exploit to identify non-contimetfects.

3. The generation in the continuum and non-continuum model have the sact@hal form,
but are different quantities. If we want to compare the response famh model, we need
to ensure that identical amounts of energy are added to the system fomealel. We can
achieve this by assuming a scaling factor so thiat) = f,g(x). To determine this factor we
must ensure that the same amount of total energy is injected into the systerscabel] by
each model. Therefore, the heat flux at the boundaries should betledsaeach model.

4. The boundary designation in each model is also not necessarilyateniiv In both cases,
the boundaries are considered to be thermalizing boundaries. In theuwontimodel this
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Figure 1:Steady-state, one-dimensional solution without germmétr various Knudsen numbers compared
to the continuum solution.

means that the temperature is specified explicitly. In the non-continuum modghegdy the
equilibrium (black body) emissive power at a boundary emiitéalthe system.

5. The two models do not depend on the same material properties. The comtinodel requires
the thermal conductivity, whereas the non-continuum model requireshiieop mean free
path. While these two parameters are phenomenologically related, an ebaictris diffi-
cult to obtain and dependent on a number of other factors (Holland,) 18&8vever, we can
eliminate the dependence of these parameters through suitable normalization.

3 RESULTS

The steady solution is shown in Figure 1 to demonstrate that the derivatimakodation can recover
the expected behavior of transport through a thin film without generafioa jump condition at the
boundary is due to the lack of interaction between opposite moving phoBatsause scattering is
limited for systems whose dimensions are of the order of the mean free patlakers(largekn), the
phonons emitted from the boundary travel ballistically across the domaireviney are thermalized
at the opposite boundary. The intensity plotted in Figure 1 is simply the averaggy of the left
and right moving phonons. As the device becomes larger (small Knudsehers) more scattering
causes the phonons to equilibrate or assume a similar energy. In the camtimity both phonon
systems are in equilibrium everywhere.

For both generation cases, the boundary conditions are fixed ata¢ne effects of the gener-
ation can be isolated. The two types of generation examined include a dogstearation across
the domain and a delta function in the middle of the domain. The constant generatie would
model something like an extremely thin resistor where Joule heating is reslgofmsitthe thermal
generation. This case, however, does not model the hot-spot problem.
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Figure 2:Steady-state, one-dimensional solution (subscript ‘fith wonstant generation over the domain for
various Knudsen numbers compared to the continuum sol(igpscript ‘c’). The non-continuum solutions
are easily identified as those not satisfying the zero baynmtandition.

To make a fair comparison, a suitable scaling factor should be computethsti€tiz) = f,9(x).
We want to ensure that the same amount of energy was deposited into tie $g5 each model.
Therefore, the distribution predicted by the non-continuum model foemedly small Knudsen num-
bers was calculated. The scaling facijomwas adjusted until the continuum solution matched to
non-continuum solution. This scale factor was used for the reminder ebtitéhnuum distributions.

For constant generation, results are found in Figure 2. The shape dithibution is very similar
to the parabolic distribution of temperature found in the continuum solution.cDé@mparison of
the continuum solution and the non-continuum results is difficult becauspiirepriate scaling of
the generation term is unknown. The results also demonstrate that the magsfitheé distribution
grows with larger systems (smln). This also mirrors the behavior of a continuum system because
more energy is introduced into the system as it becomes larger. Despitedimnadary conditions,
we still see a jump in the distribution. This feature is the result of ballistic photraneling to
the thermalizing boundaries before they are equilibrated and is more prdnfondéarge Knudsen
numbers. This feature suggests that a non-continuum model might beeniftio predict energy
distribution, but jump conditions at the boundary, which dictate the ultimate gmeagnitude, can
not be recovered with a continuum model.

The pulse generation case models a situation more closely aligned with a hptrapem. Fig-
ure 3 shows similar features as the constant generation case. Note thahatathlly, the distribution
at the pulse is infinite. However, a small distance from the pulse, the contimadel is recovered.
In fact the continuum model matches the results well for all Knudsen nu#xeept for the jump
condition. Again, for large Knudsen numbers the ballistic phonons doamatibute appreciably to
the distribution except to increase the jump condition.
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Figure 3: Steady-state, one-dimensional solution with a generatfke in the middle of the domain for
various Knudsen numbers. The spike is a numerical artifattying to resolve the infinity and does not
necessarily represent the physical distribution.

4 CONCLUSIONS

Non-continuum models with generation are similar to continuum models in funtfioma for all
Knudsen numbers. The difference occurs in the jump condition at thedaoyunFor large Knudsen
numbers, the jump condition is larger than the overall difference betweemitimum and maxi-
mum temperature. However, where non-continuum effects are promthentear-ballistic transport
removes the generated phonons to the thermalized boundaries withoasingréhe average local en-
ergy. This feature is essentially a result of the standard definition for tetyperin non-equilibrium
regimes. This result, however, suggests that the significance of maimaom effects with generation
deserves additional investigation, particularly in the jump condition.

ACKNOWLEDGEMENTS

The authors would like to thank Prof. Tim Fisher at Purdue for helpfolecsations.

REFERENCES

Abramowitz, M. and I. A. Stegun (1972)Handbook of mathematical functions with formulas, graprs]
mathematical tablesU.S. Government Printing Office.

Asheghi, M., K. Kurabayshi, R. Kasnavi, and K. E. G. and (200hermal conduction in doped single-crystal
silicon films. Journal of Applied Physics 98), 5079-5088.

Asheghi, M., M. N. Touzelbaev, K. E. Goodson, Y. K. Leung, &d&. Wong (1998). Temperature-dependent
thermal conductivity of single-crystal silicon layers i@BsubstratesJournal of Heat Transfer 12(0—36.

Cahill, D. G., W. K. Ford, K. E. Goodson, G. D. Mahan, A. MajuandH. J. Maris, R. Merlin, and S. R.



Phillpot (2003, January). Nanoscale thermal transplatirnal of Applied Physics $3), 793-818.

Cahill, D. G., K. E. Goodson, and A. Majumdar (2002). Thernettypand thermal transport in micro/nanoscale
solid-state devices and structurdsurnal of Heat Transfer 124223-241.

Chen, Y. F, D. Y. Li, J. K. Yang, Y. H. Yu, J. R. Lukes, and A. Majdar (2005, June). Molecular dy-
namics study of the lattice thermal conductivity of Kr/Arpgulattice nanowiresPhysica B—Condensed
Matter 3491-4), 270-280.

Chung, J. D., A. J. H. McGaughey, and M. Kaviany (2004, JuRe)e of phonon dispersion in lattice thermal
conductivity modelingJournal of Heat Transfer 12&876-380.

Escobar, R., B. Smith, and C. H. Amon (2006). Lattice Boltamenodeling of subcontinuum energy transport
in crystalline and amorphous microelectronic devicksirnal of Electronic Packaging 12815-124.

Holland, M. G. (1963, December). Analysis of lattice thelm@nductivity. Physical Review 138), 2461—
2471.

Ju, Y. S. and K. E. Goodson (1999, May). Phonon scatteringigos films with thickness of ordet00 nm.
Applied Physics Letters 720), 3005—-3007.

Klitsner, T., J. E. VanCleve, H. E. Fischer, and R. O. PohBg)9 Phonon radiative heat transfer and surface
scattering.Physical Review B 3&1), 7576-7594.

Lai, J. and A. Majumdar (1996, May). Concurrent thermal aledteical modeling of sub-micrometer silicon
devices.Journal of Applied Physics 79), 7353-7361.

Majumdar, A. (1993, February). Microscale heat conduciiodielectric thin films. Journal of Heat Trans-
fer 115 7-16.

Modest, M. F. (2003)Radiative Heat Transfg{2"? ed.). London: Academic Press.

Narumanchi, S. V. J., J. Y. Murthy, and C. H. Amon (2004). Sidoon heat transport model in silicon ac-
counting for phonon dispersion and polarizatidournal of Heat Transfer 12046—954.

Pop, E., S. Sinha, and K. E. Goodson (2001). Localized hgaffiects and scaling of sub-0.18 micron CMOS
devices. INEEE International Electron Devices Meetingolume 31, Washington D.C., pp. 1-4.

Prasher, R. (2003, July). Generalized equation of phondatikee transport.Applied Physics Letters §B),
48-50.

Raha, P., S. Ramaswamy, and E. Rosenbaum (1997). Heat fltygiariar EOS/ESD protection device design
in SOI technologylEEE Transactions on Electron Devices,4464—471.

Raman, A., D. G. Walker, and T. S. Fisher (2003, August). $tin of nonequilibrium thermal effects in
power LDMOS transistorsSolid-State Electronics 48), 1265-1273.

Semiconductor Industry Association (2003). Internati@@ehnology roadmap for semiconductors: Executive
summary. Technical report, SEMATECH.

Sverdrup, P. G., Y. S. Ju, and K. E. Goodson (2001, Febru&m-continuum simulations of heat conduction
in silicon-on-insulator transistordournal of Heat Transfer 12330-137.

Zeng, T. and G. Chen (2003, March). Nonequilibrium electtnd phonon transport and energy conversion in
heterostructureMlicroelectronics Journal 3@), 201-206.

Zhang, D. Y., G. Y. Zhang, S. Liu, T. Sakurai, and E. G. Wangd@0 Universal field-emission model for
carbon nanotubes on a metal tiypplied Physics Letters 88), 506—508.



